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Motivation

Topologically interesting geometry

Vortex dynamics on curved surfaces

Quantum turbulence on the bubble geometry  
Useful toy models for planetary atmospheric dynamics? 

Bereta, Caracanhas and Fetter: Phys. Rev. A 103, 053306 (2021)
Caracanhas, Massignan and Fetter: Phys. Rev. A 105, 023307 (2022)

Bowen group: Science 366, 1480 (2019)
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 Experimental realisation of shell geometries



Overview

1. Vortex lattices 2. Multi-charged vortices



BEC OPTOMECHANICS

In Figs. 3!d", 3!e", and 4, optical beam modes with differ-
ing OAM have been used !G and LG0

!1", which results in a
change of "# in the external angular momentum !$l= "1".
The beams have been detuned −500 MHz from the transition
to #1!$ to allow use of multiple pulse sequences where only a
fraction of the BEC is transferred by each pulse pair. Figure
3!d" shows the results of a single pulse pair transferring 20%
of the BEC to the #0$ internal state and l=1 vortex state.
Figure 3!e" shows sequential two-photon coupling, first from
#2$ to #0$, then from #0$ to #−2$, with a mode configuration
that results in l=0 for the #−2$ state. For confirmation that
this was a coherent two-step process, the LG modes for the
#2$ → #0$ and the subsequent #0$→ #−2$ transfer stages were
slightly displaced from each other, resulting in the small
remnant population in #0$ observed in the figure.

The spin textures evident in Figs. 3!c"–3!e" illustrate the
potential for generating interesting topological states of the
internal spin independently of, or in addition to, the creation
of vortex states with external angular momentum. For ex-
ample, coreless vortices of either Mermin-Ho or Anderson-
Toulouse type %25–27& can be created with appropriately de-
signed pulse and mode configurations.

The presence or absence of external angular momentum
cannot be inferred from the BEC expansion rate in our ex-
periment. In our present configuration, the additional tangen-
tial velocity of atoms in a l= !1 vortex state should be v!

= l# /rmRb'20 %m /s. This is an unmeasurable fractional
change in the BEC’s radial expansion velocity !'3 mm /s".
Note that the #0$ components in Figs. 3!c" and 3!d", for
which l=0 and 1, respectively, are qualitatively indistin-
guishable from each other. The cloud size differences ob-
served are mainly due to weak configuration-dependent di-
pole forces from the radial intensity gradient of the LG
optical beam modes.

To confirm the presence of quantized vortices in the BEC,
we use a procedure that creates a coherent superposition of
different vortex states and then observe the resulting interfer-
ence pattern. Figure 4 shows the results for two cases where
20% of the BEC is coherently transferred from #2$ to #0$
twice successively, with !$l= !1" each time. In Figs. 4!a"
and 4!b", part of the BEC has been transferred twice to the
l=1 vortex state, and no interference is seen. In Figures 4!a"
and 4!b", a nearly equal fraction of the BEC has been placed
into both the l=1 and l=−1 states, and an interference pat-
tern is readily apparent. Because the phase of the order pa-
rameter for the l= !1 vortex states varies as e!i&, where & is
the azimuthal angle, their coherent superposition exhibits a
sin2!&−&0" azimuthal amplitude modulation, which is illus-
trated in the graph in the lower part of the figure. The angle
of the azimuthal node depends on the relative phase between
the vortex states, which is determined by the optical fields.
This interference pattern in the BEC order parameter is
analogous to the creation of an optical Hermite-Gaussian
beam mode by interference of two opposite-handed
Laguerre-Gaussian beam modes.

Generation of coherent superposition states in this manner
is not a trivial procedure, in some cases requiring careful
consideration of spatially inhomogeneous evolution of the
dynamic and geometric phase resulting from the spatially
varying intensities of the pump and Stokes laser beam modes
%28&. We anticipate that this characteristic of multipulse, mul-
timode coherent population transfer will be an interesting
subject for future study.

In summary, we have demonstrated controlled exchange
of internal and external angular momentum from optical
fields to a BEC and have shown several examples of the spin
textures and vortex states in which the BEC can be placed,
including coherent superpositions of states of different vor-
ticity. The dynamics of this interaction are complex, with a
number of potential topics for further study, including many-
body effects %10,16&, geometric phase of mesoscopic spins
%29&, and spin orbit coupling %30&.

We expect that these techniques can be readily adapted to
work with an optically trapped BEC by accounting for the

FIG. 3. Axial images of the BEC after spin-state separation. !a"
No optical fields applied. !b" Coherent transfer #2$ → #0$ with
Gaussian !G" beam modes. !c" #2$ → #0$ with Stokes !pump" beams
in LG0

−1 !LG0
−1" modes, respectively. For !d" and !e" the beams are

detuned −500 MHz from #1!$. !d" #2$ → #0$ using Stokes !pump"
modes G !LG0

−1". !e" Sequential coupling: #2$ → #0$ using G !LG0
−1"

modes, then #0$→ #−2$ using G !LG0
1". The direction of gravity and

the B-field gradient is indicated. In the absence of the field gradient,
the spin components physically overlap. The field of view of each
image is 0.5'2 mm.

FIG. 4. Coherent superposition of l=1 and l=−1 vortex states
with resulting interference pattern. !a" and !b" Two successive trans-
fers of part of the BEC to the #0$, l=1 vortex state %using G !LG0

−1"
Stokes !pump" beam modes&. !c" and !d" Transfer to the #0$, l=1
vortex state, followed by transfer to the #0$, l=−1 state %G !LG0

−1"
modes, then G !LG0

1"&. The graph is a circular lineout from !d", with
a sin2!&−&0" fit to the data. The field of view in !b" and !d" is
280'280 %m.
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6.4 Results and Discussions

6.4.1 Vortex of winding number 1

We dynamically evolved a BEC composed of 85Rb atoms with mass 1.41 �
10�25 kg, with a non–draining charge–1 vortex density profile. The s–wave
scattering length in the condensate was selected to be a = 5.29 � 10�9 m,
in accord with realistic condensate parameters. The phase variation around
the vortex core for the initial condensate wavefunction applied in our real
time–simulations, is depicted in Fig. 6.2. The variation in phase from 0 to
2�, indicates a charge–1 vortex profile is obtained from the imaginary time
simulations, as expected. The initial condensate density far from the vortex
is n0 = 2.02 � 1020 m�3. We implement a phononic perturbation with a
wavenumber of k = 6� 106 m�1 satisfying Eqn. 6.5.

Figure 6.2: Variation in phase around the vortex core for a vortex of charge l = 1.
Time sample t = 0, Ngrid = 1024 lattice points.

In figure 6.3, 1D density slices of the 2D density profile are plotted for vary-
ing times. The earliest time sample shows the initial perturbation, which
splits into two components, one travelling towards the vortex core, and the
other to edge of the grid. At t = 0.5625 ms and t = 1 ms we observe the
ingoing perturbation propagating toward and into the vortex core. The last
density slice at t = 1.7 ms shows the perturbation on reflection from the vor-
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Hedgehog / hairy ball theorem:  
       ‘We can’t have a vector field on a sphere that is both 
continuous and everywhere non-zero.’  
              Impossible to perfectly comb a hairy sphere. 

Topologically Interesting

User NoJhan 
 https://en.wikipedia.org/wiki/Hairy_ball_theorem

Consequence for a BEC on a sphere:  
       A vortex on a sphere should always come in pairs.  
     Lamb Hydrodynamics Dover publications, New York 1945 



A vortex on a sphere should always come in pairs 

Side view
Top view



How does background curvature change vortex 
lattice formation? 

Ketterle Lab: Science 292 p476-479 (2001)

16 32 80 130

Triangular ‘Abrikosov’ vortex lattice



How does background curvature change vortex 
lattice formation? 

Rotation around z-axis:  
do we expect Abrikosov vortex lattice? 

M. Gelantalis & P. Sternberg, J. Math. Phys, 53, 083701 (2012).



Vortex lattices in a curved background

V =
1

2
m!2

r (r � r0)
2

L

z

= xp

y

� yp

x

Spherical shell potential:

Angular momentum operator:

Gross-Pitaevskii equation in the rotating frame: 

i~ @
@t
 =

✓
� ~2
2m

r2 + V + g| |2 � ⌦zLz

◆
 



Vortex lattices in a curved background

Top 
View

Side 
View

Rotation  
rate    ⌦
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Compare to rotation of 
a 2D disk-shaped BEC

Abrikosov-like! 

Vortex lattices in a curved background

Low rotation rates 

Top view

⌦ = 0.3!r



Vortex lattices in a curved background

Faster rotation rates 

Transition to vortex lines through the bulk condensate 

Distortion of the spherical shell shape

Side viewTop view

⌦ = 0.35!r



Distortion of the spherical shell shape

Side view

Centrifugal force:  
Pushes atoms away from 

the centre of rotation

Vortex lattices in a curved background
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Will we observe a transition to toroidal geometries under 
rotation for thin shells ?



Side viewTop view

Faster rotation rates ⌦ = 0.5!r

Vortex lattices in a curved background

Phase 
Top view



Vortex lattices in a curved background

Low rotation rates - familiar triangular lattices emerge 

Distortion in the spherical shell shape to elliptical shells  
due to centrifugal force under rotation 

Faster rotation rates - appearance of a large  
multi-charged vortex core 

Future work:  
Experimentally realistic potentials 



Does the shell geometry provide 
any topological protection for 
exotic topological excitations? 

Kravchuk et al Topologically stable magnetisation states on a spherical shell: 
Curvature stabilised skyrmions  Phys. Rev. B 94 144402 (2016)

2. Multi-charged vortices



Phase-imprinting multi-charge vortices4 Imprinting a multi-charged vortex onto a spherical-shell BEC

Figure 1.2: An illustration of the phase imprinting regions considered in detail in this
thesis. Imprinting over the whole condensate, (a), where the desired phase profile was
enforced for all values of z, and imprinting over half the condensate, (b), where the phase
was only enforced for z < 0.

chosen because the Cold Atom Lab is specifically designed to create BECs of 87Rb [?],
and therefore, upcoming experiments on spherical-shell BECs are likely to use the same
atoms that are simulated here. A typical set of experimental parameters for 87Rb are used,
N = 5 ⇥ 104, M = 1.44 ⇥ 10�25 kg, a

s

= 5.1 ⇥ 10�9 m, ! = 20 ⇥ 2⇡, r0 = 10 µm [?, ?],
where N is the number of atoms, M is the mass of the atoms, a

s

is the s-wave scattering
length, ! is the trapping frequency and r0 is the radial shift in the trapping potential.

Results for the lowest energy vortex states were obtained by numerically solving the
dimensionless GPE in imaginary time (Eq. 1.5) whilst enforcing the desired phase profile
via the phase imprinting method described above. Numerical integration of the dimen-
sionless GPE was performed in the three-dimensional domain �25  x, y, z  25 on
a 128 ⇥ 128 ⇥ 128 grid applying the adaptive fourth-order Runge-Kutta method using
XMDS2 [?].

For each of the results below, two scenarios were considered. First, the phase was
imprinted along the z axis over the whole condensate (for all values of z), and then
the phase was imprinted only over half the condensate (z < 0). This is depicted in
Figure 1.2. The advantage of imprinting over the whole condensate is that it is easier
to employ numerically as well as experimentally. Currently, there are no publications
demonstrating local phase imprinting experimentally. However, it has been shown by
J.Simonett and collaborators that addressing a condensate with femtosecond lasers imparts
a phase locally [?] and this method could be applied to imprint over specific regions of a
condensate.

The disadvantage of imprinting the phase over the whole condensate is that it is very
restrictive and does not allow any freedom in the phase of the condensate. Consequently,
it is sometimes useful to consider other scenarios to determine whether this solution is in
fact the most energetically favorable vortex configuration (for the desired phase winding
l), or rather a consequence of the restrictive phase imprinting process. For example, this
could serve to verify whether a vortex-anti-vortex pair at either pole is lower in energy
than alternative vortex configurations, such as one vortex lying o↵ the axis of symmetry.
To test this, a second scenario was considered, where the phase was only imprinted over
half the condensate, a region that was chosen because of symmetry. Whilst other regions
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Phase-imprinting multi-charge vortices

4 Imprinting a multi-charged vortex onto a spherical-shell BEC
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Phase-imprinting multi-charge vortices

Varying the region or ‘patch’ of phase-imprinting  
changes the location of singly-charged vortices

z < 0
Imprinting  

region 

Side view

z < z0 < 0



Multi-charge vortex dynamics 

4 Multi-charged vortex stability in spherical-shell BECs

Figure 1.2: Splitting of the multi-charged vortex in a vortex configuration comprised of one
multi-charged vortex and l singly charged vortices. The black dots indicate the location
of a vortex core. An (a) l = 2, (c) l = 3, (e) l = 4 vortex at t = 0!�1 that (b), (d), (f)
decays into l singly charged vortices at t = 4!�1. In all cases, the multi-charged vortex
decays into a collection of l singly-charged vortices.

Under evolution, a configuration of a multi-charged vortex  
with singly charged vortices decays.

Phase

§1.2 Real-time evolution 5

Figure 1.3: The average separation distance between detected vortices that initially make
up a multi-charged vortex over time. An initial vortex state of a multi-charged vortex-anti-
vortex pair (blue) and one multi-charged vortex combined with l singly charged vortices
(red). This was done for an l = 2 vortex, (a), an l = 3 vortex, (b) and an l = 4 vortex,
(c). The black dashed line represents the condensate healing length, the distance at which
I define the multi-charged vortex has decayed. A separation distance between detected
vortices below this value indicates a stable system. In (a), (b), the average separation
distance of the multi-charged vortex in a vortex-anti-vortex pair (blue line) remains smaller
than the condensate healing length (black dashed line), and therefore these vortex states
are deemed as stable. In contrast, a system comprised of one multi-charged vortex and
l singly charged vortices (red line) remains (on average) above the condensate healing
length, indicating instability. In (c), even though the average separation distance of the
l = 4 vortex-anti-vortex pair (blue line) is larger than the condensate healing length,
given it remains at a constant value only slightly above, this behaviour is attributed to an
increase in vortex core size as opposed to instability. Therefore, it is also deemed to be
a stable vortex state. On the other hand, a system comprised of one l = 4 vortex and 4
singly charged vortices (red line) remains above the condensate healing length, indicating
instability.
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Variation of average separation distance

⇠

Same behaviour  
under addition  

of noise 



Moving the singly charged vortices towards the antipode

§1.3 Investigating multi-charged vortex stability 13

Figure 1.8: The average separation distance between detected vortices that initially make
up a multi-charged vortex over time when the initial vortex state is one multi-charged
vortex at the pole combined with l singly charged vortices at the equator. Here, the
locations of the singly charged vortices are moved from the equator towards the pole
opposite the existing multi-charged vortex. Initial vortex position (red), 2.5 SL away from
initial position (blue), 4.5 SL away from initial position (green), 6.5 SL away from initial
position (purple) for an l = 2 vortex, (a), an l = 3 vortex, (b) and an l = 4 vortex, (c).
The black dashed line represents the condensate healing length, the distance at which
I define the multi-charged vortex has decayed. A separation distance between detected
vortices below this value indicates a stable system.
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Average vortex separation distance (l = 4)

4.5 SL2.5 SL   6.5 SL



§1.3 Investigating multi-charged vortex stability 9

Figure 1.5: The average distance between detected vortices that initially make up a multi-
charged vortex over time, following an instantaneous asymmetric shift the trapping po-
tential in the y direction. No shift (red), �ỹ = 0.1 SL (blue), �ỹ = 0.5 SL (green), �ỹ = SL

(purple). This was done for a multi-charged vortex-anti-vortex pair with l = 2, (a), l = 3,
(c) and l = 4, (e) and a multi-charged vortex combined with l singly charged vortices for
l = 2, (b), l = 3, (d) and l = 4, (f). The black dashed line represents the condensate
healing length, the distance at which I define the multi-charged vortex has decayed. A
separation distance between detected vortices below this value indicates a stable system.

Forcing decay by a sudden asymmetric shift in trap 
potential  
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          Multi-charge vortex with four  
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l = 4
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separation distance between detected vortices below this value indicates a stable system.
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Stability of multi-charged vortices

Madison Wait 

Multi-charged vortex - anti vortex pair  
at the antipode appears stable to unwinding  
except for a large sudden asymmetric shift in  

the trapping potential 

Multi-charged vortex with singly charged vortices 
 is unstable to decay

Is this enhanced stability due to topology? 

Is there ‘topological protection’ of other exotic topological states? 



Conclusions

Familiar triangular Abrikosov lattices appear  
for shell condensates under rotation  

Centrifugal force distorts spherically symmetric shells  
to elliptical shapes

4 Multi-charged vortex stability in spherical-shell BECs

Figure 1.2: Splitting of the multi-charged vortex in a vortex configuration comprised of one
multi-charged vortex and l singly charged vortices. The black dots indicate the location
of a vortex core. An (a) l = 2, (c) l = 3, (e) l = 4 vortex at t = 0!�1 that (b), (d), (f)
decays into l singly charged vortices at t = 4!�1. In all cases, the multi-charged vortex
decays into a collection of l singly-charged vortices.

Multi-charged vortex pairs at the antipodes 
 appear to be stable.  

A multi-charged vortex will readily decay paired  
with singly charged vortices at the antipode.  

Thank you! 


